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Abstract 
De Resmini, M.J., Some naive constructions of S(2, 3, u) and S(2, 4, u), Discrete Mathematics 
97 (1991) 149-1.53. 
The aim of this paper is to present some very easy constructions of S(2, 3, V)‘S 
and S(2, 4, V)‘S which yield Steiner systems containing three and four prescribed 
subsystems respectively, and possibly admitting a partition into those subsystems. 
Furthermore, the subsystems of the obtained new Steiner systems are only the 
given ones and their possible subsystems. 
We assume the reader is familiar with the Steiner system terminology and refer 
him or her to [l, 81 for background and to [6-71 for literature on the subject. 
A well-known theorem of Doyen [5] states that, given three STS’s 4, 
i = 1, 2, 3, of the same order u sharing precisely one, possibly empty, subsystem 
of order w, it is possible to construct an STS of order 3(v - w) + w whose only 
subsystems are the Si’s. 
Here we consider two naive special cases of Doyen’s construction for two 
motivations. First, one of these constructions, namely Construction 2, can always 
be used to produce an S(2, 3, 3(2, - w) + w) when the three starting STS(v)‘s 
share precisely one subsystem of order w 2 0. Secondly, a suitable combination of 
the two constructions yields a construction of an S(2, 4, 4(v - w) + w) by starting 
with four S(2, 4, V)‘S sharing exactly one, possibly empty, subsystem of order w 
under the condition v - w s 1 (mod 2). In particular, when the four given systems 
share precisely one point, we obtain an S(2, 4, 4(v - 1) + 1) containing the given 
systems of order v provided that v = 4 (mod 12). 
Construction 1. This construction of Steiner triple systems works only when the 
three starting STS(v)‘s are mutually disjoint. Therefore, the obtained STS(3u) 
admits a partition into three subsystems. 
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The points of the three given systems of order t.~ are denoted 
Al, AZ,. . . , A,; B,, B,, . . . , B,; Cl, Cz, . . . , C,, respectively. On these 
points we construct an STS(3n) admitting the given systems as subsystems 
by 
3v 
by 
taking as blocks all blocks of the given systems and u2 new blocks of the form 
A,B,C, constructed as follows: There are n base blocks 
bi =AiBiC,_, 
v+l 
forj=1,2, _. . ,- 
2 ’ 
bj+(v+l)/2 =AiBj+(v+~)/~c~j 
v-l 
forj=1,2 ,..., 2. 
Each base block yields v blocks, all containing the same point B,, under the 
action of 2, which acts on the subscript i of Ai as i + i + 1 (mod v) and on the 
subscript h of C,,, h = 2j - 1 and h = 2j, respectively, as h-, h - 1 (mod v). It is 
easy to check that the construction produces an STS(3v). 
By way of example, we construct an S(2, 3, 21) containing three mutually 
disjoint STS(7)‘s on Al, . . . , AT, B,, . . . , B,, Cl, . . . , C,. The seven base 
blocks yielding the new 49 blocks are 
AiB,Ci Al&C3 AlB3G A,B,C, 
A1&C2 Al&C4 A,&‘& 
On developing them we get all the blocks. E.g. A,B3CS gives A2B3C4, A3B3C3, 
AdB3C2, A~B~CI, Ac,B3G, A,B& 
Construction 2. Again we start with three STS’s of order v, but now we assume 
they share one, possibly empty, subsystem of order w whose points we denote by 
X1, X,, . . . , xw. The remaining points in the three STS(v)‘s are 
A,, AZ, . . . , A,_,; B1, BZ, . . . , B,_,; C,, C2, . . . , C,_,, respectively. Then the 
blocks of the S(2, 3, 3v - 2w) constructed on these points are the blocks of the 
given STS’s and (v - w)” new blocks of the form A,B,C,. To obtain the latter, we 
use the following v - w base blocks: 
AiBjCi, j = 1, 2, . . . , v - w. 
For each j, to develop the base block AiBjCj, keep the subscript j of Bj fixed and 
act with Z,_, on i as i+ i + 1 (mod v - w) and on the subscript j of C, as 
j+j - 1 (mod v - w). 
For instance, if we start with three STS(13)‘s sharing exactly one block, then 
this construction yields an S(2, 3, 33) whose blocks AiBjCh are obtained from the 
following base blocks: 
Some naive constructions of S(2,3, v) and S(2,4, v) 151 
E.g., developing A1B5C5 gives A2B5C4, A3B5C3, A4B,C2, A5B5C,, A6B5C10, 
A,BsG, AsB,Cs, A,B,C,, Ad& 
In particular, we can apply Construction 2 when the three starting STS(v)‘s 
share exactly one point Ao. If this is the case, we obtain an S(2, 3, 3(v - 1) + 1). 
For instance, if we start with three copies of S(2, 3, 7) on the points 
AO, Al, . . . , A& Ao, B1, . . . , B6; A,, Cl, . . . , C6, respectively, then we get an 
S(2,3, 19) whose 36 new blocks result from developing the following base blocks: 
AiBrG Ar&G A~B~CX 
A,BdG AlB5G AlBeG. 
E.g., A1B3C3 yields A2B3C2, A3B3C1, A4B3C6, A5B3C5, A6B3C4. 
Next, we show that a suitable combination of Constructions 1 and 2 provides a 
construction for S(2, 4, u)‘s. 
Construction 3. Suppose four S(2, 4, V)‘S are given, S, j = 1, 2, 3, 4, sharing 
precisely the same, possibly empty, subsystem T of order w such that v - w = 1 
(mod 2). Then there exists an S(2, 4, 4(v - w) + w) admitting the Sj’s as 
subsystems which is constructed as follows: The points of T are denoted by 
x1,. . . , xv, whereas the remaining points of the Sj’S are denoted by 
Al, AZ,. . . ,A,_,; B1,. . . , B,,_,; Cl,. . . , C,_,; D,, . . . , D,_,, respectively. 
The blocks of the resulting S(2, 4, 4(v - w) + w) = S are: the blocks of the Sj’s, 
j = 1, 2, 3, 4, and (V - w)’ new blocks of the form AtBjChD, which are obtained 
by the action of Z,_, on the following u - w base blocks: 
AiBjCjDy_l for j = 1, 2, . . . , 
v-w+1 
2 ; 
for each j, the subscript j of Bj is fixed and Z,_, acts on the subscript i of Ai as 
i* i + 1 (mod u - w), on the subscript j of Cj as j+ j - 1 (mod v - w), and on 
the subscript h = 2j - 1 of D,, as h + h - 1 (mod 21 - w). 
AiB. _ C j+(v w+1)12 j+(v--w+l)lf D 2j, 
for j = 1, 2, . . . , (v - w - 1)/2; f or each j, the subscript j of Bj is fixed and Z,_, 
acts on the subscript i of Ai as i-i + 1 (mod v - w), on the subscript 
h = j + (V - w + 1)/2 of C, as h + h - 1 (mod v - w), and on the subscript s = 2j 
of D,ass+s--1 (modv-w). 
It is easy to verify that Construction 3 provides the wanted Steiner system. 
Obviously, the condition v - w = 1 (mod 2) comes from Construction 1. The next 
examples show how Construction 3 works. 
Example 1. S(2, 4, 40) containing four copies of S(2, 4, 13) sharing one block. 
The base blocks for the new 81 blocks are 
ArB,C,Dl At&&D3 Ar&GDs AIB~C~D, A,B,C,D, 
Ai&GDz AiB,GD, AiBsGDh -4,&&D,. 
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is easy check that so obtained 4, 40) not the 
geometry PG(3,3). take any intersecting blocks the form 
AiBjC,,Ds. They generate the whole system. The four S(2, 4, 13)‘s can be written 
by extending with X1X2X3X4 the S(2, 3, 9)‘s on A,, . . , Ag, B1, . . . , B,, 
Cl,. . . , Cg, DI, . . . , D9, respectively. Furthermore, the only subsystems of this 
S(2, 4, 40) are the ones we started with. We did not check whether this 
S(2,4,40) is isomorphic to other known systems, for instance to those in [3, 121. 
Example 2. S(2, 4, 52) containing four mutually disjoint S(2, 4, 13)‘s on the 
points Aj, Bi, Ci, Di, j = 1, . . . , 13, respectively. Base blocks for the 169 blocks 
of the form AiBjC,D, are 
This S(2, 4, 52) is not isomorphic to the one provided by the maximal 
(52; 4}-arc in PG(2, 16) obtained by Denniston’s construction [4]. Indeed, the 
latter does not contain any S(2, 4, 13) = PG(2,3) since it is embedded in a 
Desarguesian plane of even order. Again, it was not checked whether the 
S(2, 4, 52) in Example 2 is isomorphic to some known system [3, 121. We observe 
that the just constructed S(2, 4, 52) does not contain any other subsystem beside 
those we started from. 
Example 3. S(2, 4, 88) containing four S(2, 4, 25) sharing exactly one block. The 
21 base blocks for the new blocks are 
The recently constructed new S(2,4,25)‘s [9, 131 enable us to produce many 
non-isomorphic S(2, 4, 88) containing four out of them as subsystems. Obviously, 
by Construction 3 we can also get a non-isomorphic S(2, 4, 100) admitting a 
partition into subsystems of order 25. 
Also Construction 3 can be used under the assumption the four starting 
S(2, 4, V)‘S share precisely one point, provided that v = 4 (mod 12), and yields an 
S(2, 4, 4(v - 1) + 1). 
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Example 4. S(2, 4, 61) containing four copies of S(2, 4, 16) sharing exactly one 
point, say A,. Denote the remaining points of the given systems by Aj, Bj, Cj, Dj, 
j=l,..., 15, respectively. Then the 15 base blocks for the new 225 blocks are 
A,BlC,Dr A,&CA A1&CJ& A,B4C& A,BsC& 
Ar&GD,, Ar&G& A,B&,D,, A,&GD, A,B,,C,,,D, 
AIBI~CII& A,B,~C,,DX ArB&J& A,BMC,&Z A~B,sCIS&. 
We observe that Construction 3 has the same flavour of the doubling 
construction for SQS’s with the help of 1-factorizations of K, [lo-111. 
Notice that subsystems of Steiner systems with block size four are thoroughly 
investigated in [2]. In particular, the construction that proves Lemma 5.1 in [2] 
yields our Construction 3 as a special case. Never the less, since Construction 3 is 
pretty easy, it turns out to be quite useful in constructing S(2, 4, 4~)‘s admitting a 
partition into four subsystems of order ‘u = 1 (mod 12) and in producing 
non-isomorphic Steiner systems of bigger orders with the help of known ones of 
smaller suitable orders. 
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